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strriic:rì ln,l ,ir-n,rttti.'iìl (.'ltr'\'cs rìelu'l\-:r¡in.e. r¡rrrl rllr ¡¡r¡lrsi¡p
sirlt'. o[' ir i;i rìrc t\\'() ('lse>. lir til,,,',,-,.,,r' lìr rrr,,,,:," 1.¡r:.
n(,irt llt(,ì'c(ìuircJ ¡ruint, t'trrìrt'rlucilt,iÏ tlrt't:ur.r't'l,ccc,,lres

Iriq. 7.

Li¡ttils t,J l.ìrotto¡tttl rti 'l['t1,,'ì,tL i,t y'j'r¿rrir'-r/r'i¿r'1 ¡rr'r.r. .lCU

l'i ,,.a1 rt¡,tlls.-Thc .1,'lltrîrtr,'c,t'1lrc t'tlrr-cs ii'ouì l stntigìrt
llorizolttrtl linc .llorr s ilio 1'rc'crrcci of' ove l'tolìcs iÌ: \r('lì lls

tlrt" ¡rritue tonc ; s'hilc the frtct, thlt thc clll'\'cs itlìpcrìr to
rì.s\-n;lrtote to this liuc shorts that the o\-crtolles tlie arvay
quicl<er tluur tìltr fitntlal¡lt¡ntr¡ I- 

B-v both lut'tlrotls of cspcrinrclìt lve see that tìle t\\-o cul'\'cs
,rgr.:,, l,i'st rvhetr 7,:'¡l ; ihcn sulrstituto this vltlue in (11) lrlti
r't:e get n vulue foì the li'oquency of libl'ltioir -(lrclì tl-ìrlt

N
ñì:.1E6.

I ho¡,e to rtritke futthcr er¡,erirncuts oll tulìillg-forks or
l,urs <rf 

'acoustie lì.equcut'¡,. I Jesirc_to Ìcn(le^r rììy.ì)est thrrrlis
to one of rny colleagues,"Dr. E. H, I3lrrton, fot his l;índ lielp
i¡r the u'orh.

Urrirersitv Coll ege, Nuttinghnm,
July 11, 1001.

-: : r :: ---i:-i--::::-i:--:i_ -:--:: _-------ji- _'- ---:

L\rIIL The Limits oJ'Ecornnty q )[atetinl in I'rame-slt'ttctttres'
By A, G. ìI. nIlcur,LL' )[.C.,J1., )[ell,ottnte'.

l[^q.I\\rnLL has showuf that for tll ft'tttrt-'s ttutlcr ¿

-tll gi'r'cn s1'steur of applictl fot'ccs

-lirue 
from commer:cement of rilll'ation.

ullnost r struight lirro parallcl io regu-
l:.¡rities iiue tc¡ experirnental elro wìth
the valiation ,-lut to the presence therc
ís still ¡o¡¡e indication of ihe ple

2.tef,-:.¿,?,6-0, . (1)

.r'lrclc /, is thc teti.ion in rut.r' tic-l¡ru' oI lcrrgth 1,.../i, tìr,'

thrust in ,rny strut o[ length /0, atrd the fir'sb surn i-c takcn Ior
all thc tics, ihc secourl fòr' atl thc -*truts. C is sltorr-n to l¡e
t function of the applied forccs aud tlte coorditurte-s ot' iheir
pciints of tpplication, aud intlepeudent of the folm of tLe
frarne.

Starting frour this tesult, r\-e can find in cert¿tin cases lo\yer
limits to the quantity of nr¿rterial ìrcce-rsary to su-sttin given
ibrces, and alio assign the fbrnrs of frtlnes l'hich attrrin tlrrr
lirnit of econorny.

If the glettest tcnsiìe stre,*s allorvaLle in the nrntelirl
rvhich is to bc ernployed is P, and the grcate:t comlìr('ssi\-e
-.trcrss Q, tl¡c lea-.t volunre of rnaterial in t gileu li'uttte,
con,"istent 'rvith seculity, is

2 .r,rÉ+ ! . ¿? . tO :v. (2 )

tÈ Comnrunicaterl by tlte -i\uthor.
f Scientilic Papers, ii. pp' 17õ-177.
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or :. 1 t/l is lersr,

59t) Jh...\. ti. lI. llichell ot¿ tÌtc Litttítr- c,J.

,.. \o*', t't'rsitleri'g ¿ uu'rrler. oÊ tl ifri,r'c't rì.¡r'rcs i' cr¡ui-lil'ri.ru u.tlcr'rht'si*re..t,t .rf exrc'u,rr ¿;.,.-;'i;';r,,,'J:;,1':i,
tlte fi'¿nre-" in n'hich V is least

2pQ . \r + (p _ Q)('f is :rlso lerst;

i. e., 2r,e {r.,.t +:. r;f,:} *fe-q¡ !,\. t?Í,,_:. rqf,}

: (P + Q) {: . t.efp +l . ta.f o} is tc,ast,

.l',,'ot¿e¡t¡,,i t1[' )]ttlrr,.t! in J:rttntt-..1¡.¿¿cli¿r,¿.r. ;ll]t
li Íuì\'i,1,.¡rrcntrrrr- linc ill llrc,l,.forrrrc(ì \l)aco, i. ¿. ii ¿:e irr
rrll ¡r,irr-. tlrc,.igri= ol irrt.,¡rrrtlirr-rrrrr.\-l't. i,,¡,1,,..,ì'i,r.ìt,,,i äi'
eqt¡irltl\'. ltlì([

' :. 1" [,/]*: i:I Þ:. ¿.{./ì,

..9..,I],]t I..1,, [./],, is lr rninirrrnur, nr_rtl consequentìr- fronr
l;ì), \-,,,. rllt lolulne of nll¡eriirl in the frture-lI. is rlso ,r
ruiniruuu-r.

-å. fnrnle thelefore attlins the limit of'economr- of uratcriirl

gr1'en.
[n all these cases thc nriuir¡ruur r-oluure of the franlr, is

,, _> .ll.fl ô\V ! , eFr,cos dI ar- 
-f)-:;F

_ l. tr'r cos d,- -r--

(3)

ical lalue of the force in'anr-
both struts rnd ties. r

tation or coutrâction of tho frge sersl
l¡iuu fr.

I . e17:$\Y,
by +.he ¡r'íncr¡le of Virtual lioyk, xhere åTV is the viriualno.k ot'the aì'¡ntied forces, 

"rd 
i¡ i"ä;;;;rr"cui of the for¡n ofthe fi'aure A. '^Tlrns ð\\-:E .ntf *2 . Lrltlil

ÞX. e/ l¡'l¡e:,. t fflor l. ¡ åIT
,r l-,/J¿ d --,

ll*: ;.s 
by the suffixes rhar the inequatity appties ro rhe

If, hol-c.r-er', a fi.arne, M, crn be foun<.l, such tbut all itsp*r.ts hrLve tleir strutins i,i";.;,;,I ö,,j, auc.l b¡.as much

lvhcre tr'is one of tLe aplrliccl folces, r, the clistauce of
poiut of a¡r¡ìicrrtion, Iì,- i'r9g "o ".úiir^ry fixeil poíni
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-ll:'..\. (i. lt. -llicht,ìl ,.'ir tlt, l-irrtit., rt¡

1

\
d tlre ltrgle ì¡r,r\\'t,t,tì IìO:rntì tìrc tlilccricrlì 0l lì. lnrl I'i¡ rllt,
r¡llorvlble ¡tre:. in tlle, lrrtrtcr.itrì.

À rutirt, gelrclirì elrrss of i'L¡rurt's srrti:lvirrg tlre ctiutlition
c:e, consisis of tllose rr.hose bnrs, l,otli [,ì:lorc rrnrl lfter
tìle lì.1)pì'opliiìre defblluation, for.nr cllrtes of ot.tho.gonirl
s\-ste tì t s.

Itr sncll î srstlur the test, itli¡ins nrav Ì,re crquul rrrtl of the
¡¿tirìe sign, or equal tntl oppositt', in tìirôctions':rt riglrt rrrrgìcs.
rvithout the s¡r¿ins in the ìrars being ercectletl irv tlroie of
any othel lines in ihe fielci. Ll the first c¿rse the str¿rin is
evitlently tìrc surne in tll rlircctions; in the -.ccontl, il l, -Àrure the stlains in the pr.incipal direcrions. the struin in :r,u1-
tlirection at nn tngle á to oné of thenr is *ì, cos 2d:ì,/.

.'. [À'] ] [r].
T that a trlo-dimensionirl

sLr¡l ogontl after equrl tnd
of i if 

",,r,'.r, 
is ihtt the

ltlìv rt curves of the sanre series is coustlllt
througlrout their lcrrgth. This is t:asilv seerì lrs I'ollorvs :-

Lei / ìrc tLe clenrðnt¡rry lt'ngth, þ the chrrrge of dircctiou
<¡f thc cnrle S¡, bctrvccri its iioints of intcrscõtion l-ith tn.o

Re

),¿_À(i + 4 .,,,)
... ôg: 

- 
'_ _!'!!_' :_r j1:tró.
n¿ '" dm - '-Y'

Take now a rìe\\' elerncnt, s'itb sides of comparable lcngth,
1, z, forrrred by the puirs of cur'\'es Rrll:2, SrS/,. Iret ^f Aé

lit'otutttty 1'l' 'llrtl, t,'l ì', l:t'ttt¡t"'s1/'¿1('ll¿i 1 r'

tìr, t'lLrttt:-c ol'tlirt't'tioll ol 1ì' l'ctiçt'err S1 tltttl S¡, llrrrl
lrL' tlrr' ('\l('lìsioll ot'tlrtl lì cìil'\ r's.

;ir;i

l,,t tr'

-R2

Tlten, as l'cfo'e, ôú:tr'ú; antl nurliiug ir cilcuit rt'ountl
tìtt. clentent, since tl¡e lrrgìr-'s rc'ttrtin light auglcs,

^ f,"-x'.'tf,'..t:o,
but íp ."-#.1:0, bcc.use thc rtngles s'etc right anglcs

beforc the tlcrf'orrnttion. 'Ihus since tr'*\, lll' assurnptioll

:0. Q.E.D.#:0, "oa'$

1.
1."
i:
i
tr,

.::.

..:,:

"jt

+i( .'
l-r

There aro tlvtr generul clusscs of olthogoùt¡l curïcs sÎtis-
f'r-irrg tlrc rcquircù contlitions, vi1' :1' 1. SYstt'rrr.s c,t ltrrrgt'ttt. itllrl irrr-<-rlutcs rlt'r'içt'rl iÌ olìl rtll\-

eYolute curYei.

nertrvollis of straight lines, as specilrl cascs.

Frames 'lvhose btrs ijoirtci,le 
'l'ith-the 

cut'ves cf rrnl' o'f

secured along the lines of jurtction.
Ex'.¡-,ìes'of suc¡ fiarnel" of 

'rininru'r 
quaniitl of' rurrtc.ilri,

for rurn.i elernentarl' sJrJerls of forces, "re 
gi.'.tt ilr the

lr es.
irl each cltse al'c inclicatcrl l¡- tliicl<' lrrtcl

t ) corltintrous littes. Tho'e 1'oitit¡ns ot' tìre

i,¡i
ii rir
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irf){ llr. .\. G. lI. llich ell-on Í/u, f,i¡ttit¡ or

+.-

l)cott,¡¡ny ,,[ -lltttt, it! i,t J,1r(t))ù-tl n¿t.tt(rt,,t. :tll-¡
'l'ir,' rnitrilluutì tì'iuno i- c,\,:t)l)u:cd of rÌic ttvo rlii:r,ir-:Lrrttrl

l.¡rrrs I)I" alld DG, hirlirrg tLrr'il cr.rurutorì er.ntrc ut e, of tll

v

I
.ii

ti:,

l;l

ì

I
I

centre at B, ancl of radius r¡, t

Fø rog å (å * å),
stl,esses allorved for tension

.,?.) -\ ,.ingle force, F. is
line AB, aìrd is bolánJc,,l

å

I

o.(å .îXi,* Ð,
rvhere ø:AC:CB.

2ø. (Fig. 3.) \yith thc srme applied forces rhe conrlition
nray be.impoìgd ihat thc frruue stiall lic u'holly on oue side
of the liue AB.

The lbrur of the minirnunr fi'ame is then as in fig. iÌ, rLnd
consists of the sernicircle on ¡\'IJ arrd its rarlii. The igulc to
be subjecteil to the tcst defor.ru¿rtiou consists o[ rhc- scnri-
infi_¡rite ¡rlrne l.relorv AB, all thc rrdii fi'om C being estcntlcd
antì the .sernicircles al-,0út C corn¡rressetl.
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;,!)r; -Ur. A. G. nt. llichtll on rl¿e Litttit¡ ot' I':t'ttnt)ttttt t,i .llttl, '':,,/ i,, I t'\tlttt 'llt'ttt lttt't't'.

t't1tt:tl ltttrl tlirt'r.'tc,l t() :l l'"ìll1 "lI llrr' lirrt ot'ltt-'lit'll "l' lll''
tìiil,i outsitìr,tlrt' tlilnglc 1i't'ltrc,l lrr- tlrl l,tritil. ot'rt|,',,]ir'¡¡¡l¡¡¡¡
ot' tlre folc<:s. lìig. -l is an t'rtttt¡tk'.

Thc scr:tors DCtì', FC[ì' rrrttlt'tgo ].llliforlìì lt,tll. ..',",'1'r',"-
siorr, the lerruriuricr t-'f the fiel,l l,tll'c slte:ìr ts iu fig' l.

Tltt' ¡'olltrnt, of the lranrt' i*

t'* {cE x,' (f . i )*f^u+BG) " l.. }
u'ht'r'e ø is tìrc'angle EC)G.

{. (Ifig. 5.) Dqual and o¡r¡,ositt' cc'u¡rles n¡,1ilied rt ¡roint*
A, J3 on tì-re strliglrt line AB.

'Ihe ruininlum franrc consists of the series of ¡'liuurlr-lint:s
incliued at 4ao to tho rueritlians of' tire sphcre hu-ing its
poles at A and B.

All the rhumb-lines of oue selies and rtll sirniìrr lincs on
spheres conc:entt'ic with the spherical franre are unil'orurlr'
aird cqually extendetl, all the liires orthogonal to thcse ou tlit'
sl,lteres eq uaì l;- corn¡rressed.

The third s1-steur of orthogonals, r'i2., radii flo¡n the ceutrc,
of the s¡,ltele, arc unchanged in length and ,ciruì,lr-r'otntccl
aì-¡out the nxis AB.

The minirnum volunle of the fr'¿rme is

z:rog ran (i . i). (i . h),
s'hcre L is the rnonlcnt of thc tlunsulitted conple, l¿r:AB,
and À is the l¿rtitude of snlail circles lLl¡out t'le h pr'le
corresponding to the'circle o[ ratlius r'¡ in Case 1.

l\Ielboulne, Âprit 19, 1001.

51r;
Thc ruininlunr l-olrrnre of thc fr¿rme is

Irig. lÌ.
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3. (Fiq. 4.) Constructions similar to that of figs. Z &, Bgive the ñriuinturn frames f; l-t.;; f".i.rl r*'o of rvrricrr are

Fig.;.
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